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Abstract 
This work demonstrates the existence of both negative refraction and a negative 
refractive index in an optical uniaxial absorbent medium that can be characterized by 
ordinary and extraordinary refractive indices. Negative refraction occurs in any 
absorbent uniaxial medium if the real part of the extraordinary index is less than its 
imaginary part. The refractive index is negative when the incident medium is 
sufficiently dense and the incident angle exceeds a critical angle that is defined here.   
Negative refraction and a negative refractive index are extraordinary phenomena 
associated with the propagation of light in metamaterials (1, 2). An optical wave that 
is refracted by a metamaterial with a negative index of refraction would propagate in 
the direction of the negative refractive angle to satisfy Snell’s law (3). Some materials 
with a positive real refractive index can also bend light toward the incident direction 
as a phenomenon of negative refraction (4, 5).  This work demonstrates that both 
negative refraction and a negative refractive index can be found in an uniaxial 
absorbent medium that is found widely in nature.  
The optical property of an uniaxial absorbent medium is characterized by its 
complex extraordinary principal index e eN n ike= +?  and its ordinary principal index 
 , which are defined according to an electric field that oscillates parallel 
and perpendicular to the optical axis, respectively. In this analysis, the reference 
coordinates (x, y, z) are coincident with the principal axes and the z-axis is the optical 
axis. The uniaxial medium is in the region . When a transverse magnetic 
(TM)-polarized wave is incident onto the medium, the penetrating wave becomes an 
extraordinary wave that experiences different principal indices in different directions 
of propagation. The direction of propagation of an electromagnetic wave is given by 
the Fresnel equation in terms of a complex unit wave vector (6) and principal 
refractive indexes  
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 where s~  is the complex unitary wave vector and the complex refractive index 
iknN~ +=  corresponds to the index experienced by the propagating wave. However, 
the actual wave vector that describes the propagation of the wave front in the 
anisotropic medium is the real part of , where )c/(s~N~ ω ω  is the angular frequency 
and c is the velocity of light in free space. The equations of the boundary conditions 
for the electric field  and magnetic field E
?
H
?
 are solved to predict the energy flow, 
which is given the Poynting vector (ray vector) HEP
??? ×= . When the incident angle 
and wavelength of incident light are fixed, the time-varying ray vector varies in space 
and the tip of the time-varying vector follows an ellipse on the plane of incidence in 
the uniaxial medium (7). The angle of refraction of the time-averaged ray vector is 
given by a function of the incident angle and the refractive indices in the system. The 
calculation indicates that the refracted angle of the ray vector is negative provided the 
real part of the extraordinary index is less than its imaginary part. The condition for 
negative refraction is satisfied by various metal-dielectric composite materials. The 
proposed sample of silver nanowires embedded in an alumina matrix with complex 
ordinary index  and extraordinary index  at 
a wavelength of 633 nm is one such material (5). Let the incident medium be air. 
Figure 1A presents the real and imaginary parts of the refractive index 
oN 2.351 i0.010= +? eN 0.049 i1.307= +?
N~ , as a 
function of the incident angle. The refracted angle of the ray vector varies from  
to  as the incident angle varies from  to , as presented in Fig. 1B.  
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Consider another condition, under which the incident medium is denser than the 
absorbent medium. When the refractive index of the incident medium exceeds an 
effective index of the medium N~  that is a function of oN
~  and , the refracted 
angle of the wave vector exceeds the incident angle and a critical angle 
( ) can be defined as the refracted angle of the wave vector 
reaches . When the incident angle exceeds the critical angle, total reflection does 
not occur, but the index of refraction becomes negative. The real refraction index is 
negative and the component of the wave vector that is normal to the interface is 
inverted toward the incident medium. The wave vector and the ray vector point 
toward the incident medium and absorbent medium, respectively, which phenomenon 
is called a backward wave phenomenon. Effective medium theory (8) can be used to 
estimate the principal indices of the aforementioned sample at a wavelength of 365 
nm:  and , yielding an effective index 
. Let the incident medium  be glass with refractive index 1.515: the 
critical angle is . The refraction index is negative when incident angles that 
exceed the critical angle, as presented in Fig. 1C. The negative refracted angle of 
eN?
1
c x effsin (s N / N )
−θ = ? 0
°90
oN 0.279 i1.332= +? eN 1.256 i0.022= +?
144.1Neff = 0N
°91.52
wave vector varies from  to °−90 °− 63.59  as the incident angle varies from 
 to , as shown in Fig. 1D.  °91.52 °90
 In conclusion, two conditions are given under which a uniaxial absorbent 
medium exhibits negative refraction and has a negative refractive index, respectively. 
People can easily observe the two extraordinary phenomena by manufacturing or 
searching such an anisotropic medium in nature. Additionally, the energy flow and 
propagation of wave can be separately manipulated using the anisotropic absorbent 
property instead of complex artificial metamaterial. 
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 Figure caption 
Fig. 1 (A) Real part and imaginary part of refractive index . (B) Refracted angles 
of wave vector and ray vector as functions of incident angle for uniaxial medium with 
complex ordinary index  and extraordinary index 
 at wavelength of 633 nm.  
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(C) Real part and imaginary part of refractive index . (D) Refracted angles of wave 
vector and ray vector as functions of incident angle for an uniaxial medium with 
complex ordinary index  and extraordinary index 
 at wavelength of 365 nm. 
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As shown in Fig. 1, the reference coordinates are (x, y, z) with the z axis parallel 
to the optical axis of the uniaxial medium. The principal refractive indices are 
yxo N
~N~N~ ==  and . The oscillating electric and magnetic fields are given 
by Eq. (S1)  
eN N=? ? z
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where  is the angular frequency; c is the velocity of light in free space; F is the 
field amplitude, and 
ω
r?  is the position vector zx eˆzeˆx + .  The complex unitary filed 
vector Fu~ , the refractive index N
~  and the complex unitary wave vector s~  are 
complex. The complex refractive index N~  that is experienced by the propagating 
wave experiences satisfies the Fresnel equation, 
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  From Eq. (S1), the actual wave vector k
?
 , which describes the propagation of the 
wave front is  
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Figure 1A plots the the real and imaginary parts of the extraordinary refractive index 
N~ for the of the air/anisotropic medium system with anisotropic optical constants 
 and oo ikn + ee ikn + )  
  A transverse magnetic (TM)-polarized wave that propagates in the uniaxial medium 
is an extraordinary wave. Diñeiro et al. described the associated extraordinary electric 
field, the electric displacement and the magnetic field (S2). 
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where 0ε  is the permittivity of free space, and E is the amplitude of the electric field. 
The time-varying extraordinary Poynting vector is calculated as,  
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locus of the tip of the time-varying Poynting vector is an ellipse, called the Poynting 
ellipse (S3). The time-averaged Poynting vector is given by, 
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The parallel-to-interface component of the vector  is further expanded by 
substituting the unitary wave vector 
xP
xs~  for refractive index of the incident medium 
 and incident angle .   0N 0θ
22
e
2
e
2
e
2
e
2
00
2
0
2
e
x
2
0
xav )]N~Im[]N~(Re[
]N~Im[]N~Re[
N~
sinN
2
cE
N~
1
N~
s~
2
cEReeˆP +
−θε=
⎪⎩
⎪⎨
⎧
⎪⎭
⎪⎬
⎫
⎟⎠
⎞⎜⎝
⎛
⎟⎟⎠
⎞
⎜⎜⎝
⎛ε=⋅
∗?
 (S12) 
From Eq. (S12),  is negative if the magnitude of the real extraordinary index is 
less than the imaginary extraordinary index.   
xP
 The critical angle of the wave vector is defined by comparing the wave vector in the 
incident medium with that in the uniaxial medium. The critical angle  satisfies the 
equality between the parallel-to-interface components of the wave vector in the 
uniaxial absorbent and the incident medium. 
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When the incident angle exceeds the critical angle, the real part of the effective index, 
given by the Fresnel equation, is negative. The actual wave vector in the crystal 
comprises a negative z component and a positive x component. The critical angle is 
presented as a function of the optical constants. 
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where ,  and  are functions of the principal refractive indices.                α β γ
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The condition for the negative refractive index is that the incident medium, with index 
, has to be sufficiently dense to satisfy the inequality, 0N
0
1N > =αβ− γ effN                (S18)  
The effective index  is given by functionseffN α , β  and , which must  satisfy 
the inequality. 
γ
( ) 0αβ− γ >                      (S19) 
Under these conditions, the negative refractive index is observed when the incident 
angle exceeds the critical angle. 
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